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Module I: The Mathematical Foundation of Computation, Lecture l.c

Chi-Ning Chou @ 2022 January Mini-Course “What is Computation? From Turing Machines to Blackholes and Neurons”



Reflection:
Turing Machine and Reality

Module |: The Mathematical Foundation of Computation

"As far as the laws of mathematics refer to redlity, they are not certains;
and as (ar as they are certain, they do not refer to reality.”
— Albert Einstein

Chi-Ning Chou @ 2022 January Mini-Course “What is Computation? From Turing Machines to Black Holes and Neurons”
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S0... What iIs Computation?



Well... | can always squeeze out
an answer for youl...



But, it might not be that
lluminating...



Let’s Ask More Questions!?

Mathematics Physics

Biology



Let’s Ask More Questions!?

Does mathematics
characterize computation?
What’s missing?

Is the physical world a
computer? So what?

How can we say about
computation under uncertainties
and unknowns?



A Clarification

Computer Science & Computation
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Philosophy of Computation

This is not the philosophy of computer science!

Q: What’s the relationship between
mathematics and computation?

Computo,

Q: Does computation have to be logical/ ergo sum?

mechanical/automatic?

Q: What’s the relation of computation and

| | | compute,
meaning/understanding?

therefore | am?

Q: Is everything doing some kind of
computation (i.e., pancomputationalism)!?

*Davis, Philip J. "Toward a Philosophy of Computation.” For the Learning of Mathematics 3.1 (1982): 2-5.



A Reminder Before Our Philosophical Journey

"One may continue indefinitely along these lines but one has to
stop somewhere. Wings of imagination supplied by the power of
mathematics can bring you beyond of whatever can be reached
by a more pedestrian kind of thinking. But i you {(y too high in
the sky of math you may miss your destination down on Earth.’
— Misha Gromov
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Back to Lecture l.a & |.b



Turing Machine and Why?

Math as a Language for Studying Computation

@ fN—)N

/ 1

EqU'Valent, \':J:‘-,[,I_.[&‘-| number, i.e.. 0.1.2.3....

+
W fr {01 — (0,1}
¥ N\ Boolean strings of finite length

alit 47

100107C10111 E27492€389441

Use N or {0,] } * to encode input and output!

Turing Machine

How to model mathematician proving theorems?

Mathematician

Turing machine

Many papers

An infinite tape

Read and write on

Read and write on ™%~ FAex

papers thetape . i
E l'(”llo[_lc (1o
State of the mind State of the
machine ~
s . # states & % Symbols
y ~ ¥ "' |
Finite brain Finite transition are finitel

rules

}vra» .

In summary, Turing machine...

Generalizes the notion of
logical systems &

Aims to capture all
possible mechanical
procedures.

c—

Church-Turing Thesis

: All realizable computation in the physical
(=== world can be done by a Turing machine.
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Alan Turing 1912-1854



Math as a Language for Studying Computation

I/}\

7 f:N-N - - N
Formal Language Turing Machine and Why*

f 01 =~ {0, 1} Q1: Does the computation we experienced in

reality be captured by the math formulation we

Y N

| | discussed (i.e., formal language)?
Turing Machine . : :
How to model mathematician proving theorems? AISO, dOeS Turlng maChlne Capture a” pOSSIble
mechanical procedures? If not, why?

Many papers An infinite tape

Read and write on | Read and write on

notape gyt o Beyond formal language and Turing machine?

. o State of the
State of the mind e e
machine

Finite transition

Q2: Currently, the theory of computation
| . f?‘ seems to be a pure subfield of mathematics.
n summary, luring machine... , e . . . .
o | g 7 How can we provide more insights in the
eneralizes the notion of — . .
logical systems & ~ relation to reality?

Aims to capture all
possible mechanical
procedures.

Computation and reality!?

Alan Turing 1912-185¢
- e
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An Analogy the Theoretical Physics

Through the lens of philosophy of science

Thomas Khun We are living in the paradigm
1922-1996 of Turing machine!?
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A Bird-Eye View on Philosophy of Science
In quest of a philosophy of computation?
Q: What qualifies as science?

Q: How reliable are scientific theories?
Q: What’s the ultimate purpose of science?

= Hypothetico-Deductive Model

8 _

3 8 '

O %

D_c; 2 Logical Positivism
o

O
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T

Scientific Realism Instrumentalism
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A (Biased) Crash Course on Philosophy of Science

Hypothetico-Deductive Model Scientific Realism

Build hypothesis and do deduction! Having belief in the existence of “ideal theory”.
E.g., some sub-fields in applied physics and biology? * There are several “criteria” for what can be called
an ideal theory.
The scientific goal is to approach an ideal theory and
produce true descriptions of things in the world.

Logical Positivism

Build on top of hypothetico-deductive model.

Emphasize the isolation of “theoretical term” and Instru mentaﬁsmlprag matism

“observational term”.
Accept the gap between “analytic statements” and The worth of an idea is based on how effective it is in

“synthetic statements”. explaining and predicting phenomena.
Dream of the “unity of science”. Rejecting scientific realism, and sometimes known

E.g., math, TCS, string theory? as antirealism/nonrealism.

Note that a scientist could have different philosophy for different (sub-)fields!
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A Bird-Eye View on Philosophy of Science

In quest of a philosophy of computation?

Q: What qualifies as science?
Q: How reliable are scientific theories?
Q: What’s the ultimate purpose of science?

| | There are much more branches!
Hypothetico-Deductive Model E.g., constructive empiricism,
deductive-nomological model,
ICS emergentism, etc.
Logical Positivism
CS
Scientific Realism Instrumentalism

18

Provide frameworks for us to think
about the connection to reality!

.v

Historical Popularity
in physics)




My Personal View of Q1 and Q2

Q1: Does the computation we experienced in reality be captured by the math
formulation we discussed? Also, does Turing machine capture all possible
mechanical procedures? If not, why?

Q2: Currently, the theory of computation seems to be a pure subfield of
mathematics. How can we provide more insights in the relation to reality?

- | think the long-term goals of Theoretical Mathematics Physics
CS (TGCS) still have its intellectual merits. N K

- But, we should be open-minded to a TCS C ToC ‘
potential new Theory of Computation 7
(ToC) which aims to touch reality.

19



What Does TCS Teach Us?

Complexity Classes

Informal Definition (Complexity class).

A complexity class is a collection of computational problems that cost
similar computational resources.

Example:
- P = problems that don't cost too much time.

B 7 A
. - : ’
- NP = P + nondeterminism. 2
B | | . . .t\
| —

- BPP = P + randomness.
JATS 1M PRIZE PROBLEMY

- BQP = P + quantumness.
- PSPACE = problems that don’t cost toc much space.

“Cost Similarly” & “Not Cost too Much”

Three concepls that save the days for complexity theorists

( Asymptotic \

Study how does the
cost scale with the
input size.

P

& Ee A
=y

r Big O notation \

Ignore minor factor &
constants not scaled
with the input size.
Example:

- 2n% 4+ 100 = O(n?).

2 3
—— +a'W = 02"

&100

FPolynomial ﬁmﬁ

Efficient = the scaling
is polynomial in the
input size.

Example:

- 2n'%% 4 100 is efficient.
2

L g + nis inefficient.
AN J

Efficiency of algorithms and
the sorites paradox

Lijie Chen
MIT

The Computers Take Over

- Appel and Haken were able to prove that there exists an
unavoidable set which uses only “good” configurations in

1974,

- To help with checking reducibility, they roped in John
Koch, a graduate student.

- By 1976, they had used 487 rules to construct the
unavoidable set.

- With the help of Haken's daughter Dorothea, they checked,
by hand, the 2000 odd configurations for reducibility.

Q3: How to interpret worst-case and asymptotic
analysis in reality?

Q4: What’s the relation between computation and
understanding? E.g., what do we mean by
understanding a computation? Is mathematical
proof necessary? What if the proof is complicated?

20




Meaningful Inputs?

Mathematical World Reality

- Input assumption:
+ Worst-case analysis.
+ Average-case analysis.
+ Smooth analysis.

- Asymptotic analysis.

21



Different Input Assumptions

Worst-case analysis Average-case analysis Smooth Analysis




Meaningful Inputs?

Mathematical World Reality

- Input assumption: Q: How to model empirical inputs?

+ Worst-case analysis. Q: How to handle finite problem?

+ Average-case analysis. My view/proposal:

+ Smooth analysis. - Independently study “what are

| | meaningful inputs”.
- Asymptotic analysis.

- Learn from physics, biology,
and emergence.

23



Understanding & Computation

Q4: What'’s the relation between computation and understanding®?
E.g., what do we mean by understanding a computation? Is
mathematical proof necessary? What if the proof is complicated?

Mathematical proof Heuristics

Empirical performance

| think we need all of them in the theoretical study of computation, however,
how to bridge them? Again, physics could be a good example to learn from!

24



Summary



Questions of This Lecture

Q1: Does the computation we experienced in reality be captured by the
math formulation we discussed (i.e., formal language)? Also, does Turing
machine capture all possible mechanical procedures? If not, why?

Q2: Currently, the theory of computation seems to be a pure subfield of
mathematics. How can we provide more insights in the relation to reality?

Q3: How to interpret worst-case and asymptotic analysis in reality?

Q4: What’s the relation between computation and understanding? E.g., what
do we mean by understanding a computation? Is mathematical proof
necessary? What if the proof is complicated?

26



- '
s 4 .
:

= Sowmya
| (Jan. 18
& 10am-11am ET)
o\
“Basic of Quantum
Computing and Future
Direction”

Avantika

(Jan. 18
| 11am-12pm ET)

“Quantum
Complexity Theory”

What’s Next?

The Road to Reality:

New Insights from Computation?
Module II: Computations in the Physical World

’ . - - - - - . - .- ”»
"Science is a dif{erential equation. Religion is a boundery condition.

— Alan Turing

Ghi-Ning Chou & 2022 January Mini-Course “What is Computation? From Turing Machines 1o Black Holas and Neurans"

“A Road to Iotality:
Between Art and
Computation”

| ecture ll.c

(Jan. 19 10am-10:50am ET)
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Pancomputationalism

Physical Church-Turing Thesis
Physical systems and algorithms
- MIP*=RE

ﬁ

Zhigian Wang
(Jan. 19 11am-12pm ET)

. Salvador

o Mo (Jan. 19
B 2pm-3pm ET)

“DNA Computing,
Cellular Automata, and
Beyond”
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