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 VP: Polynomials computed by poly(n) size, poly(n)
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e [Strassen 73, Baur & Strassen 83] An n log n lower
bound for general arithmetic circuits.

e [Kalorkoti 87] A quadratic lower bound for arithmetic
formula.

e [Kumar 17] A quadratic lower bound for homogeneous
algebraic branching programs.
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bounds for depth-3 and depth-4 circuits.



Outline

* Polynomial identity testing (PIT)
e Hardness vs Randomness for arithmetic circuits
* Polynomial factorization

 Open problems



Randomness - Polynomial identity testing (PIT)



Randomness - Polynomial identity testing (PIT)

Goal: Given f € C, determine whether f = 0.



Randomness - Polynomial identity testing (PIT)

I

Goal: Given f € C, determine whether f = 0.



Randomness - Polynomial identity testing (PIT)

I

Goal: Given f € C, determine whether f = 0.

* Easy when using randomness:. Schwartz-Zippel.



Randomness - Polynomial identity testing (PIT)

I

Goal: Given f € C, determine whether f = 0.

* Easy when using randomness: Schwartz-Zippel.

sub-exponential time

« No non-trivial deterministic PIT for VP and Depth-A.




Goal: Given f € C, determine whether f = 0.

* Easy when using randomness: Schwartz-Zippel.

sub-exponential time

Randomness - Polynomial identity testing (PIT)

« No non-trivial deterministic PIT for VP and Depth-A.

~

B PIT = Hitting Set

~




Goal: Given f € C, determine whether f = 0.

* Easy when using randomness: Schwartz-Zippel.

sub-exponential time

Randomness - Polynomial identity testing (PIT)

« No non-trivial deterministic PIT for VP and Depth-A.

~

\—

B PIT = Hitting Set

P is a hitting set for C if for any non-zero f € C
Ja e P, f(a) #0.

~

J




Goal: Explicitly construct a hitting set P for C.

Randomness - Polynomial identity testing (PIT)

~

\—

B PIT = Hitting Set

P is a hitting set for C if for any non-zero f € C
Ja e P, f(a) #0.

~

J




Goal: Explicitly construct a hitting set P for C.

e Running time is poly(n, |P|).

Randomness - Polynomial identity testing (PIT)

~

\—

B PIT = Hitting Set

P is a hitting set for C if for any non-zero f € C
Ja e P, f(a) #0.

~

J




Outline

e Hardness vs Randomness for arithmetic circuits
* Polynomial factorization

 Open problems



Hardness vs Randomness

Hardness Randomness

10



Hardness vs Randomness

Lower

Bound .

10



Hardness vs Randomness

Lower
Bound

10



Hardness vs Randomness

—) T

e [KI'04]: Permanent not in VP => PIT for VP

Lower
Bound

10



Hardness vs Randomness

Lower
Bound # PIT

e [KI'04]: Permanent not in VP => PIT for VP

e [DSY’'09]: w(poly(n)) for Depth-A => PIT for Depth-A — 5

10



Hardness vs Randomness

Lower
Bound

# -

e [KI'04]: Permanent not in VP => PIT for VP

e [DSY’'09]: w(poly(n)) for Depth-A => PIT for Depth-A — 5

multilinear with bounded individual degree

10



Our result

Theorem: For any A > 6,

11



Our result

Theorem: For any A > 6,

w(poly(n))lower bound for Depth-A

multilinear and with degree O(log® n/ log” logn)

11



Our result

Theorem: For any A > 6,

w(poly(n))lower bound for Depth-A

7\

multilinear and with degree O(log® n/ log” logn)

\ 4

Sub-exponential time PIT for Depth-A — 5

11



Our result

Theorem: For any A > 6,

w(poly(n))lower bound for Depth-A

7\

multilinear and with degree O(log® n/ log” logn)

\ 4

Sub-exponential time PIT for Depth-A — 5
P
A2k

O(log" n/ log" 108™)

S

11



Our result

e pothered Y the

Dont o
nt in depth!

consta

Theorem: For any A > 6

w(poly(n))lower bound for Depth-A

multilinear and wi
with degree O(log”
log® n/ log”
g”logn)

\ 4

O(logk TL/ lng 10% rn/>

11



Compare with [Dvir-Shpilka-Yehudayoft’09]

Lower bound for
Depth-A

PIT for
Depth-A — 5

(DSY’09]

With bounded
iIndividual degree

This work

With degree
O(log” n/log” logn)

12




Hardness vs Randomness framework
[KI'04, DSY'09]

13



Hardness vs Randomness framework
[KI'04, DSY'09]

(Nisan-Wigderson generator]

Reduce #variables from n — ¢

13



Hardness vs Randomness framework
[KI'04, DSY'09]

[Nisan-Wigderson generator]

Reduce #variables from n — ¢

( Schwartz-Zippel lemma )

Brute-force to find hitting set in time ¢

13



Hardness vs Randomness framework
[KI'04, DSY'09]

Reduce 10 \
factoring problem:

[Nisan-Wigderson generator)

Reduce #variables from n — ¢

( Schwartz-Zippel lemma )

Brute-force to find hitting set in time ¢

13



NW generator - reducing #variables

qgeC

14



NW generator - reducing #variables

14



NW generator - reducing #variables

Goal: Hitting set P C F"

14



NW generator - reducing #variables

14



NW generator - reducing #variables

Sl SQ Sn ........................ m
Nisan- ]> :
Wigderson R A /
Design Yy :

14



NW generator - reducing #variables

yls; yls, yls,
Sl SQ Sn ........................ m
Nisan- ]> :
Wigderson R R /
Design Yy :

14



NW generator - reducing #variables

qgeC
/ / /
yls, yls, Yls,
Sl SZ Sn A S
Nisan- ]>
Wigderson [ DOOOOOIOOOTIOONIET et
Design Yy

14



NW generator - reducing #variables

14



NW generator - reducing #variables

14



NW generator - reducing #variables

y
Q(y) = q(f(yls)), f¥lss)s---s f¥ls,))

[ Want: If ¢ Z 0 then @) %o)

14




Key lemma

15



Key lemma

Q) = a(f(yls)s f(¥]ss)s-- - F(¥]s.))

Goal: If ¢ Z0 then®@ # 0.

15



Key lemma

Q) = a(f(yls)s f(¥]ss)s-- - F(¥]s.))

Lemma: Let non-zero g € Depth-A and a m-variate
multilinear polynomial f of degree d. If

Q) =q(f(¥ls.) f(¥lss)s---» f(¥ls,)) =0

15



Key lemma o

Q) = a(f(yls)s f(¥]ss)s-- - F(¥]s.))

Lemma: Let non-zero g € Depth-A and a m-variate
multilinear polynomial f of degree d. If

Q) =q(f(¥ls.) f(¥lss)s---» f(¥ls,)) =0

n, d\/a) and

hen, f can be computed by a size poly(
depth A + 5 circulit.

15



Key lemma

Q) = a(f(yls)s f(¥]ss)s-- - F(¥]s.))

Lemma: Let non-zero g € Depth-A and a m-variate
multilinear polynomial f of degree d. If

Qy) =a(f(¥ls)), f(¥lss,), - -

hen, f can be computed by a size poly(

depth A + 5 circulit.

n, d\/a) and

~
\_

f ¢ Depth-A + 5 wp Q(y)

~

=% (0, Vg € Depth-A

J

15



Key lemma

Q) = a(f(yls)s f(¥]ss)s-- - F(¥]s.))

Lemma: Let non-zero g € Depth-A and a m-variate
multilinear polynomial f of degree d. If

Q) =q(f(¥ls.) f(¥lss)s---» f(¥ls,)) =0
n,d\/a)

anad

hen, f can be computed by a size poly(
depth A + 5 circulit.

~
f ¢ Depth-A + 5 » Q(y) 0, Vq € Depth—Aw

R
K . Séhwartz-zlppe\

15



Proof sketch of the key lemma

16

-

(Elq € Depth-A, Q(y) =0

g

f € Depth-A +5

~

J




Proof sketch of the key lemma

-

(Elq € Depth-A, Q(y) =0

g

f € Depth-A +5

~

J

f Q) =a(f(¥ls.), f(¥lsz)---» f(¥]s,)) =0

16



Proof sketch of the key lemma

g

(Elq € Depth-A, Q(y) =0

~

J

It Q(y) =a(f(yls,) f(¥lsy)s---s f(¥]s,)) =0

qgeC

=0

16



Proof sketch of the key lemma

g

(Elq € Depth-A, Q(y) =0

~

J

It Q(y) =a(f(yls,) f(¥lsy)s---s f(¥]s,)) =0

qgeC

=0

/
N\

16



Proof sketch of the key lemma

17

-

(Elq € Depth-A, Q(y) =0

g

f € Depth-A +5

~

J




(Elq € Depth-A, Q(y) = O\
Proof sketch of the key lemma ']

f € Depth-A +5

- _/

By hybrid argument, there exists

17



(Elq € Depth-A, Q(y) = O\
Proof sketch of the key lemma ']

f € Depth-A +5

- _/

By hybrid argument, there exists

~

Q(Z, X@’) < Z={X1,.. ., Xi—1,Xit1s---,Xn, Y}

17



~
(Elq € Depth-A, Q(y) =0

Proof sketch of the key lemma ']

J

By hybrid argument, there exists

~

Q(Z, X@’) < Z={X1,.. ., Xi—1,Xit1s---,Xn, Y}




(EIqEDepthA Qly) =0 \

Proof sketch of the key lemma ']

_J

By hybrid argument, there exists

~

Q(Z, X@’) < Z={X1,.. ., Xi—1,Xit1s---,Xn, Y}

/\ /\ X”

Y‘Sl Y|SQ

’L

f Q:(zxzi() R
_ Q(z, [(z )):OJ

17



(EIqEDepthA Qly) =0 \

Proof sketch of the key lemma ']

J

By hybrid argument, there exists

~

Q(vai)
|
Fixed Fixed f xn
X
yls,
(. @ (2,%;) % 0 )

17



(EIqEDepthA Qly) =0 \

Proof sketch of the key lemma ']

J

By hybrid argument, there exists

~

Q(Z,Xz’)

|
Fixed Fixed f Xn
E3
yls,

GQ(Z,Xi)EDGPth-A-FD 2 O(z,%;) 0 )
_ Q(z )):OJ

17



Proof sketch of the key lemma

[Q:)(z, X;) € Depth-A + 1)

18

(. @(zx@ )£0

KQ )):OJ




Proof sketch of the key lemma

[Q:)(z, X;) € Depth-A + 1)

f. @(va’i) 7’:é 0 N

K. Q(z, f(z)) EOJ

x; — f(z) divides Q(z,x;)

18



(@(z, X;) € Depth-A + 1]

Proof sketch of the key lemma

x; — f(z) divides Q(z,x;)

(. Q(va’i) 7’:é 0 N
K. Q(va(z)) = OJ

-
\_

Reducing to polynomial factorization!

~
_J

18



Outline

* Arithmetic circuits and algebraic complexity classes
* Polynomial identity testing (PIT)

 Hardness vs Randomness for arithmetic circuits

* Polynomial factorization

 Open problems

19



Polynomial factorization (Simplitied setting)

Goal: For any P(z,y) € C such that P(z, f(z)) =0.
Show that f € C’.

20



2olynomial factorization (Simplitied setting)

Goal: For any P(z,y) € C such that P(z, f(z)) =0.
Show that f € C’.

C C’
'Kalgg] VP VP

20




2olynomial factorization (Simplitied setting)

Goal: For any P(z,y) € C such that P(z, f(z)) =0.
Show that f € C’.

C C’
[Kal89] VP VP

[DSY09] Depth-A Depth-A + 3

with bounded individual degree

20




2olynomial factorization (Simplitied setting)

Goal: For any P(z,y) € C such that P(z, f(z)) =0.
Show that f € C’.

'Kalgg]
'DSY09]

[DSS18]

C C’
VP VP
| Deptth Depth-A + 3
with bounded individual degree
VF(nlogn)) VF(nlogn))

(resp. VBP(n'°¢™), VNP (n'°8™)) (resp. VBP(n!°8™), VNP(n!°&"))

20




2olynomial factorization (Simplitied setting)

Goal: For any P(z,y) € C such that P(z, f(z)) =0.
Show that f € C’.

'Kalgg]
'DSY09]
[DSS18]

Our result

C C’
VP VP
| DePtth Depth-A + 3
with bounded individual degree
VF(nlogn)) VF(nlogn))

(resp. VBP(n'°¢™), VNP (n'°8™)) (resp. VBP(n!°8™), VNP(n!°&"))

Depth-A Depth-A + 3

with degree  O(log” n/log*logn)

20




2olynomial factorization (Simplitied setting)

Goal: For any P(z,y) € C such that P(z, f(z)) =0.

Show that f € C’. i

non-deterministic (existential) ]

'Kalgg]
'DSY09]
[DSS18]

Our result

C C’
VP VP
| DePtth Depth-A + 3
with bounded individual degree
VF(nlogn)) VF(nlogn))

(resp. VBP(n'°¢™), VNP (n'°8™)) (resp. VBP(n!°8™), VNP(n!°&"))

Depth-A Depth-A + 3

with degree  O(log” n/log*logn)

20




—actorization for bounded depth circuits

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

21



—actorization for bounded depth circuits

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

(Nevvton iteration]

21



—actorization for bounded depth circuits

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

(Newton iteration)

(Structure Iemma)

21



—actorization for bounded depth circuits

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

(Newton iteration]

(Structure Iemma)

(Depth reduction]

21




Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — H<z[f]

22



Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — ng[f]
"\

Def: (Homogeneous components)

22



Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection
of monomials of degree |i.

22




Newton iteration (Sloppy Hensel Lifting)

Goal. ng[hz] = H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection
of monomials of degree |i.

Example: f(x1,22,23) = x?wg + x1x0x3 + x% + 113 + x%

22




Newton iteration (Sloppy Hensel Lifting)

Goal. ng[hz] = H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection
of monomials of degree |i.

Example: f(x1,22,23) = x?wg + x1x0x3 + x% + 113 + x%

* Holf] =0

22




Newton iteration (Sloppy Hensel Lifting)

Goal. ng[hz] = H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection
of monomials of degree |i.

3

Example: f(z1,29,23) = 2722 + T12223 + x% + 113 + x%

OHO
07—[1

/]
f

=0
= 0

22




Newton iteration (Sloppy Hensel Lifting)

Goal. ng[hz] = H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection
of monomials of degree |i.

3

Example: f(z1,29,23) = 2722 + T12223 + x% + 113 + x%

* Holf
o« Hilf
° 7‘[2:]0:

=0
= 0
:ZE%—FCBl.ﬁEg

22




Newton iteration (Sloppy Hensel Lifting)

Goal. ng[hz] = H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection
of monomials of degree |i.

Example: f(x1,22,23) = x?wg + x1x0x3 + x% + 113 + x%

* Holf] =0

J1=0

o Hsylf] =5 + 2123
f] = T17273

22




Newton iteration (Sloppy Hensel Lifting)

Goal. ng[hz] = H<Z[f]

N

(

Def: (Homogeneous components)
The degree I homogeneous component is the collection

of monomials of degree |i.

Example: f(iBl, To, £E3)

Ho
Hq

f

S
S
S
S

=3

=

2

— Lo + L1X3
— L1X2X3

3 4
= T{T2 + T3

:le

2 4
To + T1T2x3 + T5 + 13 + T3

22




Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — H<z[f]

22



Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — 7‘[<Z[f]

Update: h;, = h;_1

22



Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — 7‘[<Z[f]

Update: h;, = h;_1

GHomogenization & partial derivative preserve dept@

22



Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — 7‘[<Z[f]

Update: h;, = h;_1

Intuition: Taylor's expansion.

GHomogenization & partial derivative preserve dept@

22



Newton iteration (Sloppy Hensel Lifting)

Goal: ng[hz] — H<z[f]

Update: h;, = h;_1

Intuition: Taylor's expansion.

C Q: How to efficiently update? )

GHomogenization & partial derivative preserve dept@

22



Structure lemma

23



Structure lemma

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

23



Structure lemma

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).
k

» P as an univariate polynomial: P(z,y) = »  C;(z)y'.
1=0

23



Structure lemma

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

* P as an univariate polynomial: P(z,y) ZO

Lemma [DSY’09]: Foreach:=1,2,...,d = deg(f),
there exists polynomial A; such that

7‘[<@[f] — 7'19;[147;(007 Cla s e ey Ck)]

23



Structure lemma

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

* P as an univariate polynomial: P(z,y) ZO

Lemma [DSY’09]: Foreach:=1,2,...,d = deg(f),
there exists polynomial A; such that

7‘[<@[f] — 7'19;[147;(007 Cla AR Ck)]

[ Individual degree ]

23



Structure lemma

24



Structure lemma

Lemma (This work): Foreach+=1,2,...,d = deg(f),
there exists polynomial 4; such that

H<ilf] = H<i|Ai(g0,915 - -5 9a)]

24



Structure lemma

Lemma (This work): Foreach+=1,2,...,d = deg(f),
there exists polynomial 4; such that

H<ilf] = H<i|Ai(g0,915 - -5 9a)]

where

i @z il i az
P(ZvH[f]) _HO ayz

g; = H<g

<t |5, P(s. HIf)|

24



Structure lemma

Lemma (This work): Foreach+=1,2,...,d = deg(f),
there exists polynomial 4; such that

H<ilf] = /Hgi:ﬁl\i(gmgla ey 9d))

where Lsize O(d®) degree at most d ]
- i i g )
P = - P(z, — - P(z, .
9i = H<d Ex (2 H[f])_ Ho B (z H[f])_

24



Structure lemma

Lemma (This work): Foreach+=1,2,...,d = deg(f),
there exists polynomial 4; such that

H<ilf] = /Hgi:ﬁl\i(gmgla ey 9d))

where Lsize O(d®) degree at most d ]
- i i g )
P = - P(z, — - P(z, .
9i = H<d Ex (2 H[f])_ Ho B (z H[f])_

/\
[ Depth A + 1 with top X layer ]

24



Structure lemma

Lemma (This work): Foreach+=1,2,...,d = deg(f),
there exists polynomial 4; such that

H<ilf] = /Hgi:ﬁl\i(gmgla ey 9d))

where Lsize O(d®) degree at most d ]
- i i g )
P = - P(z, — - P(z, .
9i = H<d Ex (2 H[f])_ Ho B (z H[f])_

/\
[ Depth A + 1 with top X layer ]

GHomogenization & partial derivative preserve deptD

24



Structure lemma

25



Structure lemma

25




Structure lemma

25




Structure lemma




Structure lemma

f = ha -
B L |
"“"\




Structure lemma




Structure lemma a P(z,4) € Depth. A )

9o g1 . 9d - Depth A +1




Structure lemma

(z, f(z)) =
J = hq - /
—I_\
AQ Al /4x Depth?
| ] | B |
S
9o g1 9d | Depth A + 1




Depth reduction
| Gupta-Kamath-Kayal-Saptharishi’13]

20



Depth reduction
| Gupta-Kamath-Kayal-Saptharishi’13]

. size(snd)O(\@
e depth 3, i.e., XIIY

20



Depth reduction
[Agrawal-Vinay’'08, Koiran'12, Tavenas’'13]

20



—actorization for bounded depth circuits
(Wrap up)

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

(Newton iteration)

(Structure Iemma)

(Depth reduction)

27



—actorization for bounded depth circuits
(Wrap up)

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

(Newton iteration) H<ilhi) = H<ilf].
[Structure Iemma}

(Depth reduction)

27



—actorization for bounded depth circuits
(Wrap up)

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

(Newton iteration) H<ilhi| = H<ilf].
[Structure Iemma) hy — hi—1 = Az‘(go,gh e ,gd)

(Depth reduction)

27



—actorization for bounded depth circuits
(Wrap up)

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

l [size O(d®) degree at most d ]

A4
(Structure Iemma) hiy —hi—1 = Ai(gngl G ,gd)

(Depth reduction)

(Newton iteration) H<ilhi) = H<ilf].

[ Depth A + 1 with top X layer ]

27



—actorization for bounded depth circuits
(Wrap up)

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

l [size O(d®) degree at most d ]

A4
(Structure Iemma) hiy —hi—1 = Ai(gngl G ,gd)

i |

(Depth reduction) hi — hi—1 = Ai(go, g1 - - -+ 9a)

(Newton iteration) H<ilhi) = H<ilf].

[ Depth A + 1 with top X layer ]

27
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(Wrap up)

Goal: For any P(z,y) € Depth-As.t. P(z, f(z)) =0.
Show that f € Depth-A + O(1).

l [size O(d®) degree at most d ]

A4
(Structure Iemma) hiy —hi—1 = Ai(gngl G ,gd)

i |

(Depth reduction) hi —hi—1 = Ai(90, 91, -, 9a)
[ DepthA + 3 size poly(n, dﬂ) with top X layer ]

(Newton iteration) H<ilhi) = H<ilf].

[ Depth A + 1 with top X layer ]

27



Conclusion

28



Conclusion

Theorem: For any P(z,y) € Depth-A s.t. P(z, f(z)) = 0.
f gV = poly(n), then f € Depth-A + 3.

28



Conclusion

Theorem: For any P(z,y) € Depth-A s.t. P(z, f(z)) = 0.
f gV = poly(n), then f € Depth-A + 3.

Theorem: For any A > 6. If there’s a w(poly(n)) lower

bound for Depth-A with degree O(log” n/log” logn)
then there’s a sub-exponential time PIT for Depth-A — 5,

28



Conclusion

Theorem: For any P(z,y) € Depth-A s.t. P(z, f(z)) = 0.
f gV = poly(n), then f € Depth-A + 3.

Theorem: For any A > 6. If there’s a w(poly(n)) lower
bound for Depth-A with degree O(log” n/log” logn)
then there’s a sub-exponential time PIT for Depth-A — 5,

[DSY’09] This work
Lower bound for With degree
Depth-A O(log” n/log” logn)
PIT for With bounded

Depth-A — 5 individual degree

28




Outline

* Arithmetic circuits and algebraic complexity classes
* Polynomial identity testing (PIT)

e Hardness vs Randomness for arithmetic circuits

* Polynomial factorization

 Open problems
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